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Boundary States in Bosonic String1
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Department of Physics, University of Tokyo
Hongo 7-3-1, Bunkyo-ku, Tokyo 113-0034, Japan
Abstract
We discuss tachyon configuration for the unoriented bosonic string theory which
produces a bosonic string theory with SO(32) gauge symmetry in ten
dimensions. It is closely related to the tachyon condensation scenario proposed
by A. Sen. We also give the boundary state description of the tachyon
condensation process, with some emphasis on the roˆle of orbifold conformal field
theory.
1 Talk given at YITP workshop “Tachyon condensation and boundary state” (October 27-29,
1999)
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1 Introduction
After some intensive study carried out last year, (for example see [1]), it becomes
now evident that there are several motivations to study tachyon condensation
scenario. For example, (i) To seek correct vacuum of modular invariant but
tachyonic string theories, for example in bosonic strings, type 0 (OA, OB), and
also some heterotic strings. (ii) To find stable non-SUSY soliton. Particularly
successful examples are the construction of the type I spinor particle [2], and also
non-SUSY string junction [3]. (iii) To find unstable anomaly free string theories
[4]. Some examples are U(N)×U(N) type IIB superstring theory, U(N) type IIA,
and type I analogue. This is closely related to Witten’s K-theory argument[5]
since in his approach arbitrary D-brane is constructed out of several pairs of D-9
and D¯-9 branes. Such a D-9 configuration gives rise to the extra gauge symmetry
in those theories.
Tachyon condensation is a dynamical process like Higgs mechanism. At this
moment, although there are many important references [6], there are still many
misteries in our understanding in terms of conformal field theory. In this paper,
we choose a particulary simple example (bosonic string) and demonstrate the
deformation in terms of boundary conformal field theory explicitly. We point out
that the duality in conformal field theories play essential roˆle to understand the
deformation.
2 A brief review of tachyon condensation
Consider D-p– D¯-p system. Open string sectors are labeled by U(2) CP factor.
Fermion number operator for CP factor becomes nontrivial.
(−1)FCP =
(
1 0
0 −1
)
(= σ3)
For the total open string wave function Ψtotal = Ψosc⊗ΨCP , the fermion number
parity operator acts as,
(−1)FΨtotal = ((−1)FoscΨosc)⊗ (σ3ΨCPσ3).
It implies that:
(i) In ΨCP = σ0(= 1), σ3 sector, we have the usual GSO projection. There
are U(1)σ0 × U(1)σ3 gauge fields at the massless level.
(ii) In ΨCP = σ1, σ2 sector, we have the opposite GSO projection which gives
a complex tachyon field (T, T¯ ).
We remark that T (resp. T¯ ) have charge 2 (-2) under Aσ3 but neutral under
Aσ0 . We assume that the tachyon field has the following potential which is
analogous to that of Higgs fields. Based on this potential we may discuss the
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process of the pair annihilation of the D-branes in the similar fashion with more
familiar symmetry breaking mechanism2.
V(|T|)
|T|
2Tp
T0
There are two equivalent scenarios to realize the tachyon condensation. Let
us start from D-(p+ 2) and D¯-(p+ 2) branes.
• Step by step method proposed by A. Sen [1]:
1. First consider kink configuration for complex tachyon (T (x) → ±T0
as x→ ±∞) which define D-(p+ 1) brane.
2. Since moduli of tachyon is defined by S1, such configuration is topo-
logically unstable.
3. On this D-(p+1) brane, there is a real-valued tachyon field. One may
again consider a kink configuration, which defines D-p brane.
4. Since the moduli is Z2, this tachyon configuration becomes topologi-
cally stable which defines D-p brane.
• Topological method proposed by E. Witten [5]:
We consider a topologically nontrivial configuration (vortex) for gauge fields
and tachyons in two dimensions,
1
2π
∫
Fσ3 = n
1
2π
∫
Fσ0 = 0
T (x) ∼ einθ|T0| as |x| → ∞
∼ x1σ1 + x2σ2 +O(|x|2).
D-p and D-p¯ can be pair annihilated if tachyon field takes |T | = |T0| at
spacial infinity. Then n D-(p − 2) branes appear at the core of vorticity.
2 Recently there are some development to prove it by using the string field theory [7].
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U(1)σ0 × U(1)σ3 is broken to U(1)σ0 .3
BCFT method is easier to be applied to the first scenario. On the other hand,
its topological nature is illuminated in the second. We will use both of them.
3 A Scenario for Bosonic string
In the following sections, we will mainly consider the tachyon condensation of
the bosonic string by following [9]. Some of the key motivations are (i) it is the
simplest string models, and (ii) it is nonetheless the most generic string theory.
It is supposed to contain superstring theories, type 0 theories, heterotic strings
as its particular vacuum. It is therefore important to seek the fate of the bosonic
string if any. It would be also desirable if one may find a dynamical scenario for
the compactification of the 26 dimensional space-time.
A possible candidate of the destination of the open bosonic string would be,
1. SO(32) type I string
2. Type 0 string (SO(32) × SO(32) theory) which is more plausible since it
has bosonic spectrum and still contains a closed string tachyon.
Open unoriented bosonic string was studied by some groups [10], and it has
been known that a consistent model exists with D = 26 bosonic string and space
filling D-25-branes. Tadpole free condition restricts the number of 25-branes to
be 213 = 8192. This condition comes from the cancellation of massless excitation
arising from the boundary states of the open boundary and the crosscap. If this
condition is satisfied, the model becomes a finite theory if one applies the zeta
function regularization to the infinity from the tachyon mode.
Although it is very interesting that such a consistent model exists in purely
bosonic theory, it is obviously discouraging that
1. it has a huge gauge symmetry SO(8192) to be realistic,
2. it is defined only in 26 dimensions,
3. it has many open string tachyons since there is no GSO projection,
4. there is no D-brane charges and every D-branes becomes unstable.
In the following discussions, we would like to point out that these weak points may
be eliminated by using a topologically nontrivial configuration for the tachyon
fields.
3 Fate of U(1)σ0 is known to be Witten’s U(1) problem. See for example [8] for the attempts
to understand the issue.
4
3.1 Sen’s argument
Sen [11] applied applied his step by step method to the system with two D-(p+1)-
branes. There are four tachyons arising from four CP sectors of the open string.
One may introduce Z2 Wilson line to one of the D-branes to make the intertwin-
ing open string anti-periodic in one space direction. One D-p-brane will appear
at the position of the kink of the tachyon field,4 while original two D-branes dis-
appear. In the exact treatment of such process, one need to compactify one of
the space direction on a circle. By such compactification, the mass squared of
tachyon field increases while the radius of S1 become smaller. At a specific radius,
the tachyon mode becomes massless and the exact treatment of the tachyon con-
densation becomes possible. In this process, one is forced to reduce the number
of the uncompactified dimensions. Successive application of this idea to SO(213)
theory would imply that one D-12 brane will be produced at the end of tachyon
condensation while we have 13 space-time dimensions. Since such a theory can
not be tadpole free in any respect, this scenario seems rather unnatural.
Tachyon configuration
D-(p+1)-brane
D-p-brane
Tachyon kink describes new D-brane
D-brane
D-brane with Z_2 Wilson line
Interwinning open string
Tachyon appear in interwinning mode
Sen have also argued that there are other options.
• Starting from a single D-brane, there exists an open string tachyon. If one
consider the kink for this tachyon mode, one D-(p+ 1)-brane may produce
several D-p-branes.
• If tachyon develops several kinks, there may appear several D-p-branes.
Therefore, the number of D-branes can be arbitrary.
The first possibility seems not plausible since Cardy’s constraint [12] on the
boundary state implies that it is not possible to have an anti-periodic tachyon
field in case of a single D-brane. The second possibility seems rather artificial.
Such an arbitrariness always arises if we seek the tachyon condensation in topo-
logically unstable configurations. However, as wee see, one may achieve some
kind of topological stability even in the case of bosonic string. If we restrict our
scope to the topologically stable sectors, there is no such arbitrariness.
3.2 Our proposal
It seems to us that the only topologically stable tachyon condensation scenario
is a process where two D-(p + 2)-branes with tachyon condensation produce a
4 Exact description in terms of boundary state will be discussed in the next section.
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single D-p brane while compactifying two space dimensions toroidally. In this
scenario, we have 213−d/2 D-branes while compactifying d dimensions. It matches
with the tadpole free conditions for generic open string. If we take d = 16, we
have SO(32) theory at dimension 10 which is a candidate model which can be
dual to type I or type 0 string theories.
To explain the topological nature, let us consider two D-branes. The gauge
group associated with it is SU(2) except for the overall U(1). The vacuum
moduli of the tachyon potential is S3. In such a situation, one may not expect
topologically stable configuration since π1(S
3) = 0.
However, at the special infinity, the gauge transformation can be nontriv-
ial. We recall that the open string transforms in adjoint representation. The
actual gauge group which acts nontrivially on the open string is not SU(2) but
SO(3). In this context one may have a topologically nontrivial loop in the gauge
configuration space since,
π1(SO(3)) = Z2.
It also means that the topologically nontrivial sector is in a sense unique. One
may interpret it that the number of the D-p brane which will appear at the core
is restricted to be one.
To illustrate this idea more explicitly, we compactify two dimensions toroidally
and require the behavior of the tachyon field at the core of vorticity,
T (x) ∼ x1σ1 + x2σ2 (as |x| → 0). (1)
Tachyon must be anti-periodic in xi directions in σi sector. This configuration
appeared in [5] to describe nontrivial vortex configuration.
Roughly speaking, such a configuration is realized if we introduce a kind of
non-abelian Wilson lines which produces curvature,
A1 ∝ σ2 A2 ∝ σ1
It costs some energy but since they turn out to be in the topologically nontrivial,
such a configuration is stable. A simple realization is possible if we impose the
following boundary condition for the open string,
Ψ(x1 + 2πR, x2) = σ2Ψ(x
1, x2)σ2,
Ψ(x1, x2 + 2πR) = σ1Ψ(x
1, x2)σ1.
It belongs to the topologically nontrivial sector since the gauge transformation
(=Wilson line) around the loop is σ1σ2(σ1)−1(σ2)−1 = −1 5. We summarize the
periodicity along each direction,
5This is a projective representation of the lattice translation group. Similar nontrivial rep-
resentation in CP appeared in the description of the discrete torsion in orbifold conformal field
theory[13].
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σ0 σ1 σ2 σ3
x1 + − + −
x2 + + − −
Gauge symmetry is broken from U(2) to U(1) which is quite unusual but necessary
to describe pair annihilation of two D-branes.
Since we simply impose the antiperiodic boundary condition to some compo-
nents of the open string, the spectrum of the topologically nontrivial sector is
very easy to calculate. If the original open string lives in radius R, the momen-
tum distribution of the twisted theory is the equally separated momenta with the
separation 1/2R. Therefore, the spectrum of the topologically nontrivial sector
becomes identical the either of the following two systems,
1. one D-(p+ 2) brane in radius 2R,
2. one D-p brane in radius 1/2R.
It supports our expectation that only one D-p brane appear at the core of vorticity.
To define the unoriented string theory, we need to impose the orientation
projection Ω to the open string wave function. At each mass level, we have
project out either symmetric (anti-symmetric) part of the wave function. Such
the projection is compatible with our boundary condition since Pauli matrices
satisfies well-defined parity under adjoint action of Ω. The symmetry breaking
pattern U(2) → U(1)) remains the same but the precise correspondence in the
momentum distribution is corrupted.
To extend our analysis to the compactification of the higher dimensional tori
is straightforward. To have nontrivial configuration in 2d dimensions, general
prescription will be,
Ψ(x26−2d, · · · , x25−2d+i + 2πR, · · · , x25)
= Γ˜iΨ(x
26−2d, · · · , x25−2d+i, · · · , x25)Γ˜i
where Γ˜ satisfies, {
Γ˜i, Γ˜j
}
= 2δij{
Γ˜i,Γi
}
= 0
[
Γ˜i,Γj
]
= 0 (i 6= j)
With this prescription, Ψ behaves at the core as,
Ψ(x) =
2d∑
i=1
x25−2d+iΓi +O(|x|2)
which is identical to the tachyon configuration of the superstring as discussed
by Witten [5]. With this boundary condition, Chan-Paton gauge symmetry is
broken from U(2d) to U(1).
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3.3 Symmetry enhancement from closed strings?
At R = 1/
√
2, we get extra gauge symmetry from vertex operator eiX(z)/R in
the closed string sector. In general, if the compactified direction is given by the
root lattice of G, gauge group is enhanced to G. If we compactify 16 dimensions,
the maximal enhancement is given by SO(32) or E8 × E8. This well-known
mechanism was used to construct the heterotic string theory.
Tachyon fields which interpolates the different D-branes becomes anti-periodic
in the compactified direction and it has the mode expansion,
T (x) =
∑
n∈Z
Tn−1/2e
i(n−1/2)X .
Mass of each mode Tn−1/2 is given by m2 = −1 + (n − 1/2)2/2R2. The lowest
mode T±1/2 becomes massless when R = 1/2
√
2. We expect that the existence
of massless mode signifies the enhanced gauge symmetry. However the radius for
the massless tachyon is half of that of the closed string gauge enhancement point.
4 Tachyon condensation and Boundary CFT
As we saw in the last section, if we fix the radius of the target space to R = 1/2
√
2,
some of the tachyon mode becomes massless. In the case of the closed string
excitation, such a massless mode is used to deform the background (metric, anti-
symmetric tensors etc.) of the target space. On the other hand, the deformation
by the massless open string mode usually triggers the deformation of the D-brane
to which open string is attached. In our situation, the deformation by massless
mode induces the tachyon condensation and we want to follow the change of the
D-brane state in such a process as exactly as possible. In this section, we give an
explicit description of boundary conformal field theory in Sen’s scenario.
Before we discuss the detail, it is useful to to indicate that the radius R =
1/2
√
2 is exactly the point where the moduli space of toroidal compactification
and orbifold compactification meets. This point is quite essential in the following
discussion.
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R=1
Toroidal
compactification
R=1/2
SU(2)xSU(2)
Orbifold
Compactification
R=1 for orbifold
4.1 Analysis in open string Hilbert space
In this section, we review Sen’s discussion [11] of the analysis which uses the
open string Hilbert space. To treat the condensation of the tachyon field, Sen
introduced new variables to describe the compactified direction X ,
ei
√
2X = ∂Y + i∂Z
ei
√
2Y = ∂X − i∂Z
ei
√
2Z = ∂X + i∂Y
By using the new variables, tachyon condensation is equivalent to the deformation
induced by
∮
∂Y ⊗ σ1dz.
As we emphasized before, the radius for the massless tachyon is not equal
to the radius for the gauge enhancement in the closed string sector. Although
we introduced the variables of SU(2) current algebra, we need to project out
some part of the spectrum. We should not forget that e±i
√
2X is antiperiodic in
direction X .
Such a projection can be carried out by introducing two parity operators,
h ≡ X → X + π/
√
2
g ≡ X → −X
The first one is the translation inX direction. Open string modes in σ1, σ2 sectors
becomes odd under this operator.
On the other hand, we do not originally have any projection of the second
parity operator. However, to define a similar projection in Y variable, these two
operators change their roˆle,
hX = gY gX = hY .
This relation motivates us to introduce the second operator.
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Let us now proceed to define necessary projections in terms of Y variable.
Originally in Y direction, we have both boundary condition
Ψ(Y + 2π) ≡ gΨ(Y ) = ±Ψ(Y ).
Since we have both periodic and anti-periodic boundary conditions, it is more
natural to extend periodicity in 4π.
Ψ(Y + 4π) = Ψ(Y )
By the tachyon condensation deformation in Y direction, we deform this
boundary condition to
Ψ(Y + 4π) = σ1Ψ(Y )σ1
The eigenvalues of h and g in each sectors are now deformed. We summarize
it in the next table,
hY = gX gY = hX
I ±1 +
σ1 ±1 −
σ2 ±i −
σ3 ±i +
If we combine the four sectors, we have both signs in gY parity. For each
sign, we have four twists ±1,±i in the boundary condition. This indicates that
momentum is now quantized in the unit 1/4 i.e. the compactification radius is
apparently changed to
√
2. If we take the T-dual in Y direction, Radius becomes
1/2
√
2 — original radius and two D (p+ 1)-branes become single p-brane.
4.2 Tachyon condensation in Boundary state
We now turn back to describe this tachyon condensation process in terms of the
boundary state. The deformation is induced by insertions of
exp
(
iϕ
∮
dz∂Y ⊗ σ1
)
at the boundary.
T T
T
1
2
1
2
T
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There are two difficult points which we need some care to discuss the defor-
mation.
The first one is that the D-brane at the boundary must be switched by CP
factor σ1 at each insertion point as illustrated in the above figure. At each end
of the inserted open string, we have different D-branes and we need to toggle CP
factor in two ends.
The insertion of off-diagonal CP factor is usually treated by using the trace.
In our case, we need some care since we have already deformed one of the D-brane
by using Z2 Wilson line.
The second point is that the deformation operator is the vertex operator in
terms of original field, ∂Y = cos(X). We have to change the dynamical variable
to Y as in the open string approach. The Z2 transformation h act on Y as
Y → −Y . It suggests that the natural framework is to use Z2 orbifold variable.
To describe orbifold CFT, it is useful to prepare the boundary states for the
theory with S1 compactification. We have two types of boundary states,
• Dirichlet: |D(ϕ)〉 (ϕ ∼ ϕ + 2πr)
1√
2r
∑∞
k=0 e
−ikϕ/r exp
(
−∑∞n=1 a†na˜†n) |0, k〉
• Neumann:|N(ϕ˜)〉 (ϕ˜ ∼ ϕ˜+ π/r)√
r
∑∞
w=0 e
−2irwϕ˜ exp
(∑∞
n=1 a
†
na˜
†
n
)
|w, 0〉
Physical interpretation of the deformation parameters are well-known to be loca-
tion of D-brane for ϕ and the Wilson line for ϕ˜. In this language, the boundary
state before tachyon condensation is
|N(0)〉+ |N(π/2r)〉. (2)
The boundary states for S1/Z2 orbifold was discussed in [14].
=
Z2
Edge
Interval
S /Z 1 2
In this case, the boundary state which describes the location of D-brane in
the interval and those located at the edges are essentially different. We write
them by using the boundary states for S1 compactification.
1. Boundary state for interval
(0 < ϕ < πr, 0 < ϕ˜ < π/2r )
|DO(ϕ)〉 = 1√
2
(|D(ϕ)〉+ |D(−ϕ)〉)
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|NO(ϕ)〉 = 1√
2
(|N(ϕ)〉+ |N(−ϕ)〉)
2. Boundary state for edges (half D-branes) (ϕ = 0, πr, ϕ˜ = 0, π/2r):
|DO(ϕ)±〉 = 1√
2
|D(ϕ)〉 ± 1
21/4
|D(ϕ)T 〉
|NO(ϕ˜)±〉 = 1√
2
|N(ϕ˜)〉 ± 1
21/4
|N(ϕ˜)T 〉
Open string partition function with specific Z2 × Z2 charge (generated by h
and g) can be written in terms of edge boundary states:
Z++ =
1
2
∑
n q
4n2∏
n(1− qn)
+
1
2
1∏
n (1 + q
n)
= 〈NO(ϕ˜±)± |∆|NO(ϕ˜±)±〉
Z+− =
1
2
∑
n q
4n2∏
n(1− qn)
− 1
2
1∏
n (1 + qn)
= 〈NO(ϕ˜±)± |∆|NO(ϕ˜±)∓〉
Z−+ =
1
2
∑
n q
4(n+1/2)2∏
n(1− qn)
= 〈NO(ϕ˜±)± |∆|NO(ϕ˜∓)±〉
Z−− =
1
2
∑
n q
4(n+1/2)2∏
n(1− qn)
= 〈NO(ϕ˜±)± |∆|NO(ϕ˜∓)∓〉
where ϕ˜± = 0, π/2r.
By choosing specific radius r = 1/2
√
2, two Z2 symmetry becomes inter-
changeable,
Z+− = Z−+.
This accidental symmetry is a consequence of the fact that this model is an
orbifold CFT and at the same time a CFT on S1. In terms of edge boundary
states, interchange of h and g, (or J3 and J1) is described by the change of the
roˆle of two edges and the sign of the twisted sector, |NO(ϕ˜ǫ1)ǫ2〉 ↔ |NO(ϕ˜ǫ2)ǫ1〉.
To summarize, the deformation associated with the tachyon condensation can
be achieved by the following steps. (i) Prepare the boundary state which describe
two bosonic D-branes with Z2 Wilson line on one of them (2). (ii) Reinterpret
the boundary state as those of S1/Z2 orbifold model. (iii) Change the roˆle of J1
and J3. In terms of the boundary state, it amounts to the interchange of two
parameters ϕ˜ and ǫ. (iv) Deform the parameter ϕ˜ of one of the D-brane boundary
states. More explicitly, it can be carried out as follows.
|N(0)〉+ |N(π/2r)〉 =
√
2
∑
ǫ1,ǫ2
|NO(ϕ˜ǫ1)ǫ2〉
=
√
2
∑
ǫ1,ǫ2
|NO(ϕ˜ǫ2)ǫ1〉
→ 1√
2
∑
ǫ1,ǫ2
|NO(ϕ˜ǫ2)ǫ1〉+
√
2|NO( π√
2
)〉
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We note that the boundary states in the final line produces the same partition
function in the open string sector as that of |D(0)〉 for S1 compactified model.
This calculation explicitly demonstrates the production of one D-p brane from
two D-(p+1) branes by the tachyon condensation. However, we have to mention
one subtlety. In passing from the second to the third line, the intermediate state
in the course of deformation can not be properly interpreted as D-brane boundary
state since it would produce partition function with fractional coefficient in the
open string sector. Namely, it does not satisfy Cardy’s constraint. In this sense,
one can not describe the tachyon condensation as the continuous deformation of
the boundary state. This phenomena was also discussed by Sen and he explained
it by showing the appearance tadpole. In this sense, it is more appropriate that
two vacua (a) two D-p + 1 brane system and (b) one D-p brane system are not
connected continuously but belong to the different topological sectors.
5 Discussion
In the second half of this paper, I discussed duality with orbifold theory is es-
sential to describe tachyon condensation. This seems to be a generic feature
since massless tachyon is always described by vertex operator with anti-periodic
boundary condition. In our analysis, the twisted sectors actually do not play any
roˆle since we always sum over various sectors. I hope that these states may have
some meanings to understand still mysterious Witten’s U(1) problem In super-
string case, Z2 operator g is replaced by (−1)F . Orbifold CFT is described by
KT point.
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